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for neutral solution of the equations of stability in the form
L=0 (11)
where
L= (11— p + 128 [Ys — P — 21 — a (§ — 5o} 672 + B1aL? - Voa s (€4 + Lulor— Goi)] —
— s (44 2407+ Ta (2k — Lor) — BYa (§Ck + Lobk — 2Lolox + Lo l®

The critical value of p is determined from condition (11), If however the condition
L = 0 is not satisfied, then, as before, p is determined from the condition of minimum
of the value L.

Results of calculations of critical value p according to condition (11) are presented
in Fig, 5, Each curve in Fig, 5 consists of two parts: the first (before the corner point) is
determined by the condition L = (, the second by the condition Lpin. Comparing
results of calculations according to conditions M = 0 (Fig.4) and L = 0 (Fig, §), it is
possible to draw the conclusion that the linearization of equations of the precritical state
gives acceptable results only in a relatively small region of small values of deflections
Lon. Naturally, for yp = 0 the results of calculations coincide completely because in
this case the starting equations are the same,
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The rotation of a rigid sphere around its diameter with small angular deflection from
stationary position is examined under the influence of an elastic force couple in a vis-
cous medium bounded from the outside by a concentric stationary sphere,

The spectrum of oscillations is investigated in detail, The spectral distributions of
angular velocity of the sphere are obtained for any positive value of parameters of the
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problem, In this connection a qualitative analogy is established between the motion of
the sphere and a plane oscillating between paraliel walls,

In connection with viscosity measurements of gases Maxwell carried out 2 mathema«
tical analysis of small rotational oscillations for a rigid flat disk suspended by an elastic
thread in a viscous fluid which is confined between parallel stationary planes, Maxwell
assumed that the disk executes harmonically damped oscillations. He derived the char
acteristic equations for the oscillation of the disk and obtained approximate equations
for calculation of viscosity for the case where the complex root of the characteristic
equation is given from an experiment [1},

With the same purpose Verschaffelt examined the problem of small rotational oscilla=
tions of an elastically coupled rigid sphere in a viscous fluid bounded by a concentric
stationary sphere [2], He applied the obtained results to viscosity measurements of dilute
gases,

In view of the theoretical and practical interest of problems partially examined in {1}
and {2], it was desirable to formulate and solve these problems with consideration of ini-
tial conditions without assumning in advance the angular velocity of the rigid disk or
sphere to be exponential with a complex index proportional to time, It was also desira«
ble to investigate in detail the characteristic equations for all admissible values of para«
meters and to give a spectral diswribution of solutions, In this framework the problem of
longitudinal translational oscillations of an elastically coupled rigid plane in a viscous
fluid (mathematically this is identical to the linear problem of rotational oscillations
of an infinite flat disk) was studied in paper [3], Some results of this work are utilized
below in the investigation of the spectrum of oscillations of a sphere in the problem of
Verschaffelt,

1, Formulation of the problem, A rigid sphere with a radius R, is suspen-
ded by an elastic thread of rotational stiffness M,and executes small rotational oscilla-
tions in the homogeneous fluid with a viscosity n, and density {..

The fluid is bounded by a concentric and, with respect to the rigid sphere, stationary
sphere of radius R,’ > R,. On the surface of the rigid sphere and also on the external
boundary the condition of adhesion is satisfied, The moment of inertia of the sphere is
equal to K,. At the initial instant the sphere and the fluid are at rest, The sphere in this
case is twisted with respect to the equilibrium position by an angle 4,.

Subsequently the fluid is perturbed into motion only by the sphere, It rotates in unde-
forming spheres (the angle 4, is so small that the convective terms in the acceleration
of the fluid are insignificant in comparison with the local term). The desired angular
velocity , of these spheres depends on time i and the radius r,, By > re > #,.The
angular velocity of the sphere oy (¢,) = Wy (£4, Ra).

The asterisk denotes quantities of nonzero dimension, The parameters Aq, R.._Rt’y Ky,
M,, 1. and p,are positive, M, can be replaced by parameter loy= VM, [K,.

Let us introduce the following nondimensional quantities:

. R, . @,
t=kut, T=F. Fe=RT O=fo ®=ES
8nR,? _8nR,} on
N*=8K ko, Ner =37, e V= M

The solution of the problem will be understood to be a function © (¢, #) satisfying the
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following conditions ,
1) Function @ (¢, r} is continuous in {¢ > 0, r, > r > 1) and becomes zero for £ = 0,
re=r>=land £t 20, r=r,.
2) In (¢ >0, ro > r 2> 1) continuous derivatives o,, ©,, 9y exist and the following
equation {s satisfied 0=V (@py + 4771 ) (.1
3) The quantity o {#, 1) = w, {2) for £ > 0 satisfies the following equation:
4
o (1) - Ao+ { @0 (v) dt — oo, (2, 1) =0 A4.2)
0
The uniqueness of such a function follows from energetic considerations,

2. Integral representation of the solution, The solution is represented
by a Laplace~Mellin integral y+ivn

1 Ay Dz, 1) &
af,r) =5 — 7 Dz 1) 9(2) dz (2.1
y—ise, Y39
D(z, r) =1, (br) Ky (brp) — Ly, (b7e) Koy, (br), b=V v, largb|lan

3 bDy
¢()=1z2+1+ [?“m]
Dy == I?/" (b) K,/’ (bl‘a) e 13/’ (bre‘) K:/" (b) .

It is easy to check that @ (¢, ) is continuous together with @, in (£ >0, 7, 2> r > 1)
and will be an analytical function of ¢ and » in (2 > 0, r, 2> r > 1). The derivative o,
is continuous as a function of ¢ for any r, r. 2> r > 1,but suffers a discontinuity as a
function of - at the point ¢ = 0, r = 1, because

@ (0,1) = — 4, <0, & (0,140 =0

3. Investigation of the spectrum, The expressions @ = Re [¢* u (2, r)]
for some' u (z, ») satisfy all conditions of the formulated problem with the exception of
the condition of ® (¢, r} becoming zero for 1 = 0,then and only then, when z == k, where
& is any root of the function ¢ (z).In this sense the roots ¢ (z) will be points of the spec~
trum of the problem (completely discrete), We shall elucidate how they are distributed
in the plane z.

We introduce the parameters A= Vv, x =nJA, §E = (r, — 1)/A. We fix x>0,
§ > 0,varying the parameter A in the interval [0, A}, where Ag is an arbitrarily fixed
positive number, Let us represent @ {z, A) = ¢ (z) through 2 ratio of singlevalued entire
functions of z, which can be expanded in powers of z in series with real coefficients .
These functions are continuous as functions of two varfables z and A

D5 N =02(z, N: Di(z, 1), DPi(z, 4)=p[ly, (o) Ky, (}) — I, (}) Kuy, (a)]
@y (5, A) = (22 + 4 -+ ¥a huz) @y + pinz V3 [1y) (B) Koy, () — Ly, (@) Ky,” (B)]
p=VIFE/EA, a=bro=(1/A+E)Vz b=21Vz

B (0, 1) =0; (0, ) =1+ 1/3pH >0

We note that @;and @, for any A > 0 do not have common roots in the plane z
The latter follows, e, g, from equality

1y, (5) Ky (B) — Iy, (B) Koy (B) =—1 /b0
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For = -
. , sh Vz) -
®1(Zm0):_€(§7’;—, D2 (2, 0) = (224 1) D1 (2, 0) —{—‘g‘zch (¢ Vz)

It was proved [3] that roots ®, (z, 0) are all included in a denumerable set of simple
negative roots k, > kg > . . . and two roots kg, kg2, which are negative (in this case it
is possible that %oy = %¢3) or complex conjugate with a negative real part, The roots
tn= —mE2R2, n =1, 2,..., of the function @, (z, 0) are separated by roots @, (z, 0)

0>L>>L>km>. ..

In the plane z let a sequence of circumferences I'y, be constructed, m = 1, 2, ...;
with the center z = 0 and a radius which increases without limit, For this sequence the
function cth (§ ¥ z) is uniformly bounded on all Ty, Since on Ty, for m —» co With re-
spect to A illz)z,y ;4;]: M

EVz

are uniform, then for sufficiently large numbers m starting with some-m, the functions
@, (z, A) and @, (z, A) do not become zero on Iy, for any values of A & [0, A, i. e, the
trajectories of roots of functions @, and @, in the plane z in the case of increase inA in the
indicated interval do not intersect 1',. Let us hold fixed any circumference I‘p, D > my
and let us observe the motion of roots keeping in mind the fact that imaginary roots of
each of the functions @, (z, A) and @, (z, A) in the plane z can occur only in the form of
conjugate pairs,while ®; and ®, do not have common roots, Apparently,when A increases
in the interval [0, Ay] the roots @, and @, move in the plane z in such a manner that
just as for A = 0 all roots of ‘@, inside I';, remain simple negative and separated by
roots of @, while the number of imaginary roots of @, is equal to two or zero, From
readily formulated energetic considerations it follows that the real part of imaginary
roots of @, is negative, Under these conditions examination of possible alternatives of
locations of roots of @, in the plane z (it is easy to show that they are all realized for
some positive values of parameters) finally leads us to the following conclusion.

For positive %, § and A the function ¢ (z) has a denumerable set of simple poles Lnpm.,
0>% >t >..., Thisset includes all poles of ¢(z). In each of the intervals (5.1,
ta)y n =1, 2,.. . the function ¢ (z) varies from + oc to — oc. In this connection in
each interval (Gy.1, Emp) wWith the exception of perhaps one (Gji1, §5), where @ (z) has
three zeros fg, < ky; << k;, the function @ (z) has one and only one root &n, ¢’ (kp) <0,
n == j. The roots of @ (z) are allincluded in negative roots k£,, n = 1, 2, . . (the value
n = [ is taken into account) and two roots k. k,, which are outside the interval (g, 0)
for 0 <% <%, ,0ron ({;,0) for = >%, (the quantity », is determined by values of
parameters § > 0, A > 0). If ko1 € (&1, 0), kop ¢ (Z1, 0), the r00ts koy, ky, are either
imaginary ko= ko, = —a + Bi @ >0, p>0), orreal, L,y < ko << koo < by << &j
(the value j > 1 depends on parameters),

R
(4o, Doz M=32zVish(Z V)[140(1)

4, Spectral distrfbution of the angular velocity of the sphere,
On the basis of obtained information about the spectrum, all types of spectral distribution
of angular velocity of the sphere are determined by contour integration with utilization
of circumferences I, (for z — « on all I;, by construction @ (z) = 22 + o0 (z%))

Y+1ico

po L e
Ol =357 P (2) dz

Y—ixo
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1) For koy =kgg = —a+Bi,a>0, >0

&
@0 (1) = aoe™"" cos (BE -+ Bo) 4 ) ane*n! #1)
n==1
Ao 2A0 ,
BT T T TR T (k)
2YFor $p.y <o < koy < by < Uy
g ({) — S:; + 2(3) Gne“'nl (4.2)
In Eq, (4.2) the symbol Z(;) designates summation over all values n > 1 with the
exception of the value ;. For r = j the coefficient a,, = — 4,/¢" (k,;) >> 0. The sum

of residues of function — 4,¢% / @ () with respect to kj, ko, kos is designated by S;.
I Cpua <oy <koy < by < Ly, then

S;= aj(Ueki‘ + aj(mgknt + aj(a) ot
oW =— A [¥ (k) >0, o =— A/ (k) <O, & =— 4/ (kor)>0
If $pa <lop = koy < By <Ly, then
Sy=aV B [ e dj(g) ePot

Ao 24 2 4o ®” (K
W= =250 @ _ A0 (3) oy 09" (kor) .
ay [ (/,j)> . @ (ko) <0, a; =370" (o)) ) 2 tn— aj(l) <0

If Lyoa < Kog < Koy = ky < Ly, then

. kit k4 wy Kl
65=ai(1) te 4 | aj(”e Y aj.(‘*)e "

gW= 2 g 2R @ _ D S0
i 7 (/:)> a;" = 319" (kj)lg <0, a; =—g (koz)>

If Ljny <hm = ko = k; <, then

st ks o
Sj — 135(1} e cj(2) te'it + aj(S)GIJt

o 3 o FM o) 34,0V (k) 34 19" (k)P
g 7 (k;) 2[97 (k))F 1 7 10 {9 (k;)1? 819” (k)P
3) For §y < koy < ko <C 0
L Nkt A
m0(¢)=50+n§1 ane ™, an‘—@(k")>o (n>1) (4.3)

If &1 <kge < kyy < 0,ithen
So= ao(l)ekolt + ao(?)ekozt

__ @ NS W @_
¢'(kﬂl)< v T o hog) > =" -——Zan

n==1

0D =
I Gy <oy = kor <O, then o 1) ybat g (3) ghut

24 2A409” (ko)
al) = — 0 —_— g
= ”(km) <0, a @ 2 In=="39" (ko) ]® 39" (ka)]? <90

For n — oc it follows from elementary calculatmns that
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k o A2 % \ s it
. « P _2<-—--1+€k+ T+ ¥ E=—gerntlto)] ¢4

Equations (4, 4) show that for ¢ >> 0 the series (4, 1)~ (4. 3) can be differentiated term
by term an innumberable number of times, for't = 0 once, All derivatives with respect
t0 @, (t) starting with the second tend to infinity as ¢ - 0. Separating the principal
terms for t—> oo in series (4. 1),(4.2) and (4. 3) we establish the following, If roots is;
and kg, are outside of the interval (f,, 0), the sphere passes through the equilibrium posi~
tion odd and finite number of times, or an infinite number of times, If roots ks and kog
belong to the interval (§,, 0), then the sphere does not pass through the position of equi-~
librium but only approaches it monotonically and indefinitely with an angular velocity
which does not become zero for ¢z > 0.

We note that this derivation applies also to the analogous problems of small rotational
or longitudinal oscillations of an elastically coupled rigid plane in a viscous fluid, boun-~
ded by stationary walls which are parallel to the oscillating plane [3], or of an infinite
cylinder in a fluid bounded by a stationary coaxial cylindrical wall, The analysis for
the infinite cylinder does not differ substantially from the one carried out in this paper
and leads to the same basic conclusions,
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Transient strain wave propagation in elastic shells and plates caused by an effect (appli-
cation of loading, communication of displacements or velocities) which grows to a maxi-
mum or exerts influence in a time interval less than the time of strain wave traversal of
a path equal to the characteristic dimension of the middle surface is considered on the

*) Material of a paper expounded by the author in two reports to the Third All-Union
Congress of Theoretical and Applied Mechanics (Moscow, Jan, ~Feb, , 1968), and summa-
rized in a report to the XIith International Congress of Applied Mechanics (Standford,
August, 1968),



